We present a QCD based interpretation of heavy quark fragmentation which utilizes the heavy quark mass expansion. By distinguishing between perturbative and non-perturbative QCD effects, we show how to reliably extract mass independent parameters characterizing the fragmentation function. Because these parameters are quark mass independent, this procedure should permit tests of heavy quark symmetry. Furthermore, we show that heavy quark mass corrections vanish at order m 2 /Q 2 in QCD. There also exist higher twist corrections of order Λm/Q 2 and
I. INTRODUCTION
Heavy quark effective theories have led to considerable insight into the properties of hadrons containing b-and c-quarks. Key among the assumptions underlying the heavy quark theory is that one can expand matrix elements in Λ/m, where Λ is some QCD related scale, m is the heavy quark mass, and where coefficients in the expansion are independent of m. We show in this paper that a similar expansion of the moments of the heavy quark fragmentation function leads to valuable information about the heavy quark fragmentation function both in leading twist and beyond. We derive a parameterization of the fragmentation function which involves heavy quark mass independent parameters and show how the leading parameters can be readily extracted from the lowest moments. This permits tests of heavy quark symmetry.
In particular, the fragmentation function of the b-and c-quarks, both of which have been already studied and will be better measured in the future, 1,2 are readily related. We show that the commonly used Peterson fragmentation function 3 has a misleading dependence on the QCD scale and heavy quark mass; the width is linear and not quadratic in the ratio.
The basic idea underlying our analysis is very simple. Fragmentation and distribution functions measured at a scale Q 2 evolve from "boundary data" -forward matrix elements of bilocal heavy quark operators -supplied at some reference scale µ 2 . This boundary data incorporates the non-perturbative features of the fragmentation function (at least in regions sufficiently far from z = 0 and z = 1 where we will see heavy quark methods and perturbation theory respectively break down). By evaluating the matrix elements at sufficiently low renormalization mass scales, one can exploit heavy quark symmetry to derive a heavy quark independent parameterization of the structure function. At this low mass scale, the boundary data can be organized as a power series in Λ/m, with mass independent coefficients. The measured fragmentation function is then obtained by evolving the function to Q 2 via perturbative QCD.
Previous work on heavy quark fragmentation functions either has been completely phenomenological 3 or has concentrated on the fragmentation function generated by perturbative evolution alone. 4 Some authors have explored the possibility of describing the fragmentation function solely in terms of perturbative QCD. 5 We abandon the objective of previous authors of deriving the fragmentation function. We distinguish between perturbative contributions which can be reliably calculated at high momenta and non-perturbative contributions which we parameterize (but don't calculate) by exploiting the heavy quark mass expansion.
We show that the expansion of the moments of the fragmentation function at any given order in Λ/m only involves a small number of mass independent parameters. Because the same parameters enter the b and c quark fragmentation functions and moments of different order, tests of heavy quark symmetry will be possible.
The principle results of our analysis are:
• At leading twist, we find a simple parametric form for the quark mass dependence of the fragmentation and distribution functions at the heavy quark mass scale which applies at leading order in Λ/m. Our form differs from the commonly used function of Ref. [3] because our prediction for the width is order Λ/m, and not order Λ 2 /m 2 . This difference is critical to extracting the scale Λ which enters the heavy quark expansion.
• We show that the moments of the fragmentation function can be interpreted in terms of mass-independent parameters. We concentrate on only a finite number of these parameters which we expect can be reliably extracted. This will allow for tests of heavy quark symmetry. Moreover, it could provide further data on which scale Λ works best in the heavy quark expansion.
• Within our framework it is possible to make rather strong statements about those highertwist effects proportional to powers of m 2 /Q 2 , where Q 2 is the center-of-mass energy squared. Since m > > Λ, these are the most important higher-twist corrections. We show that the sum of all corrections of order m 2 /Q 2 k to the process e + e − → H(P ) + X vanishes for all k > 0 at leading order in α s . Radiative corrections modify this result and
give rise to corrections of order The paper is organized as follows. In Section II we derive the leading twist results, first for distribution functions, which are pedagogically simpler, although not the case of greatest experimental interest, and then for fragmentation functions. In Section III, we investigate the applications of our approach. We conclude that a finite number of non-perturbative parameters can be reliably extracted by measuring the moments of the fragmentation function, using a simple phenomenological form whose parameters are readily interpreted in a heavy quark mass expansion. In Section IV we consider higher-twist contributions to e + e − → H(P ) + X, after which we conclude. Figure 1 shows the virtual Compton scattering diagram for an h quark current whose imaginary part yields the dominant contribution to a hypothetical deep inelastic scattering experiment from an H-meson target. A standard analysis of this diagram yields the distribution function for heavy quarks (h with mass m) in a heavy meson (H with mass M ) in terms of a Fourier transform of a heavy quark correlation function along the null plane:
II. HEAVY QUARK DISTRIBUTION AND FRAGMENTATION FUNCTIONS AT LEADING TWIST

II.1 Distribution Functions
Here n µ is a null vector defined by P µ = p µ +M 2 n µ 2, the heavy meson momentum and p and n are defined by
The variable x is related to the kinematic variables of Compton scattering by x = Q 2 /2q · P . The parameter p is arbitrary and fixes the frame. For example, p = M/2 corresponds to the heavy meson rest frame; p → ∞ is the "infinite momentum frame" often used in parton models.
Here, h(ξ) is the heavy quark field. Equation (2.1) is written in n · A = 0 gauge, avoiding the need for a line integral between h and h. Also we have suppressed a factor of n · P = 1 in the exponent. Contraction with n µ is natural in deep inelastic processes in which some direction of hard momentum flow is specified (e.g. q µ ∼ = νn µ − xp µ in deep inelastic scattering). It also selects operators of pure twist (twist-2 in this case) since traces are removed by contraction with n µ . The mass scale µ 2 is the renormalization scale required to render the local operators in the Taylor expansion of (2.1) finite. Equivalently, µ 2 appears as a cutoff on the transverse momentum integral which arises in a momentum space representation of f (x, µ 2 ).
In order to apply heavy quark symmetry we should take µ 2 = µ 2 0 , where µ 0 is a scale beneath the lightest of the heavy quark masses, but above the QCD scale so that perturbative QCD is still reliable. However, we will see later that to the order of accuracy we can hope to achieve, our results apply at any renormalization scale below m 2 . Thus we will eventually set µ 2 0 = m 2 , but for now we keep it as an independent renormalization scale. The scale m 2 is time-like whereas µ 2 is space-like. This distinction only affects terms higher order in α s (µ 2 ) than concern us here, so we drop it.
It is straightforward to convert f (x, µ 2 0 ) to a form in which its interpretation as a parton momentum distribution is more readily apparent. First, decompose h with the light-cone
γ ± γ ∓ with h + = P + h, and insert a complete set of intermediate
where we have suppressed reference to the renormalization scale on the right-hand side. The momentum P µ h = P µ − P µ χ is the momentum of the struck heavy quark. The function f (x) measures the probability of finding a "good" light-cone component of the quark field with momentum fraction x (p + = xP + ) in the target. The physical process eH → eX also receives contributions from the heavy antiquark distribution in H, f (x, µ 2 ), corresponding to Figure 1 with the quark line replaced by an antiquark line. It is difficult to separate f from f experimentally. The function f (x, µ 2 ) is defined by the crossing relation f (x, µ 2 ) = −f (−x, µ 2 ) and has a parton representation like (2.2) with h + replaced by h † + . It measures the probability of finding a heavy antiquark in the meson H. We argue below that f (x, µ 2 )
is small at µ 2 ∼ m 2 . Similarly, a potential gluon contribution is also small at µ 2 ∼ m 2 .
We now proceed to parameterize (2.1). We first expand
where Π µ = iD µ and we have returned to a manifestly gauge invariant form. We match this matrix element of the full theory onto matrix elements in the heavy quark effective theory.
We define the meson four velocity, v µ , by P µ = M v µ , where M is the meson mass. Following the standard procedure, (although we do not bother to rescale the fields, since everything will be dimensionless in the end) we decompose the field h(ξ) as
where
We now match the matrix element which appears in (2.3),
onto a sum of matrix elements of the heavy quark effective theory. Clearly, these matrix elements can be organized as a power series in 1/m. The leading term is the term in which the momentum is mv µ and the matrix element is taken between the fields h v . Mass suppression factors in the remaining matrix elements derive from several sources. First, in the derivative in (2.7), the first term is 
where . . . represents terms multiplying k ℓ + n , n > 1. In (2.9), k ℓ is the binomial coefficient defined to be zero for ℓ < 0 or ℓ > k. The range of the sum on ℓ is then dictated by the values for which k ℓ = 0. The first term has the largest binomial coefficient and comes from terms in which all the mass suppression factors come from the small momentum piece of Π µ . In the second term, one power of mass suppression has a different origin. The . . . represents terms with even smaller binomial coefficient, which begin at order 1/m 2 .
We now rewrite the above as
and similarly for B and C, defined in terms of the sum of matrix elements multiplying a particular binomial coefficient. * All dependence on the heavy quark mass is contained in the factors ǫ p provided ǫ scales inversely to the heavy meson mass. We make the specific choice ǫ = Λ/M = 1 − m/M which simplifies the algebra. Notice that ǫ scales like the inverse heavy meson mass because n · P = 1. To get the heavy quark mass expansion in the end requires expanding the meson mass M in terms of the quark mass m. Furthermore, because the heavy quark occurs in the functions B, C, . . ., one must be careful to expand the mass factor here in terms of the meson mass for consistency. With only the functions A, B, and C, the expansion above is sufficient.
Having extracted the factors of ǫ, the parameters A, B and C are independent of the heavy quark mass. Here, A 0 = 1 because h n / h counts heavy quarks minus antiquarks in the H-meson.
At this point, we wish to exploit the fact that the same matrix elements appear in all the Γ k . We will first add the terms into a general function incorporating this fact. Following this, we will derive relations among moments. It is useful to define functions a(y), b(y), etc.
whose moments give the A k , B k , etc. We define
* Although order ǫ terms can be shown to vanish, this will not be the case for the fragmentation function. We simply leave in all the terms here.
The limits on the y-integration are chosen to reproduce the required support of the structure function (0 < x ≤ 1). Note that a(y) and b(y) must fall rapidly as y → −∞ in order that (2.12) and (2.13) converge. The exact nature of this requirement and its physical significance will be further discussed below. The upper limit is unity due to our choice of ǫ. So long as ǫ scales like 1/M the upper limit is mass independent. We now have
where we have used n · mv = m/M . We can now substitute Γ k into (2.3) to obtain
Equation ( 
depends in a rather singular way upon ǫ.
The derivation of (2.18) suggests that it holds only if the functions a(y), b(y), etc. fall faster than any power of y as y → −∞ as indicated by (2.12) and (2.13). In fact this assumption is stronger than is required. It was convenient for us to expand the distribution function in terms of local operators and then resum into f (x). Had we instead matched directly onto the bilocal operator product of (2.1), we would have achieved (2.18) directly without any requirement that all of the A k , B k , etc. exist. The steps in such a derivation are straightforward, so we summarize them very briefly here. First, perform the matching summarized by (2.5) and (2.6) directly in (2.1). The result is is dimensionless, remembering the dimension of n µ , so converting to the normalization of the heavy quark theory it turns into a dimensionless function of the variable λ Λ M ,
which we represent as a Fourier transform,
It is then a simple matter to substitute this Fourier representation into (2.20) and obtain (2.18). It is clear from this derivation that we do not yet need to make any assumptions about the behavior of a(y) as y → ±∞ in order to obtain (2.18).
With this second derivation of (2.18) in hand we can examine the behavior of f (x, µ In the following section, we will describe a formulation of the heavy quark expansion in which the parameters A k , B k , etc. play a central role. The assumption that these coefficients exist up to some index k max requires that the functions a(y), b(y), etc. vanish faster than
, etc. vanish faster than any power of y in this limit, then of course, the A k , B k , etc. exist for all k. If they vanish only like some power, then the parameters A k , B k , etc. exist up to some k max . We cannot determine k max from the heavy quark expansion; we take it to be a parameter of our analysis on which we comment when appropriate.
Since all mass dependent factors have been scaled out of A k , B k etc., these should all be of order unity. In fact, in free field theory all the A k would equal unity and a(y) would be a δ-function at y = 1, corresponding to P µ χ = 0, in (2.2) (i.e. no spectators). In the real world the heavy quark is not free and a(y) is not a δ-function. However, since a(1) = 0 and a(y) → 0 as y → −∞, it is clear that (2.18) describes a function, f (x, µ 2 0 ), which is sharply peaked near x = m/M ≈ 1 − ǫ and whose width is of order ǫ. In fact, since
approaches a δ-function as ǫ → 0, reproducing free field theory in this limit as it should. It is important to appreciate the fact that a(y) provides a heavy-quark-mass independent measure of the influence of confinement on the heavy quark momentum distribution in a heavy meson -a fact which could provide tests of the heavy quark expansion. This will be discussed below.
Equation (2.18) gives f (x, µ 2 0 ) at the heavy quark mass scale. Experiments will generally be done at a value of momentum squared, Q 2 , higher than this. What we have computed so far is simply the "boundary data" for QCD evolution from a low mass scale to the scale Q 2 .
This evolution is non-trivial and complicates the comparison of (2.18) with experiment. We postpone the important discussion of comparison with experiment until we have considered the fragmentation function.
II.2 Fragmentation Function
The analysis is very similar to that of the previous section. We first define the heavy quark fragmentation function as the leading twist contribution of the heavy quark to the process e + e − → H(P ) + X where H(P ) is a stable meson with four-momentum P µ containing the heavy quark h and X is any additional hadronic contribution to the final state. We first give the analog of (2.1) for the spin averaged fragmentation function.
where we have explicitly incorporated the Lorentz indices. As before, we suppress µ 2 on the right-hand side and assume n · A = 0 gauge. Here, because we cannot perform the sum on χ, the relevant product of matrix elements does not reduce to a bilocal operator. As with the structure function, the process e + e − → H(P ) + X also receives a contribution fromf (x, µ 2 )
which measures anti-h-quark fragmentation into H plus anything. This should be negligible for µ 2 ∼ m 2 . For now, we retain the variable x = Q 2 /2P · Q (1 < x < ∞), which in the center of mass frame is the ratio of the beam energy to the energy of the hadron. With this variable,f (x, Q 2 ) can be interpreted as the probability of finding a hadron of momentum fraction 1/x when a quark of unit momentum is created from the vacuum by a current of virtuality Q 2 . As before, this can be seen by translating h(λn) to h(0) and using light cone projection operators,
The evaluation off (x, µ 2 ) proceeds similarly to that of f (x, µ 2 ). Here we define
and similarly for the subleading terms. We also define functionsâ(y) andb(y) bŷ
The range ofâ(y) has been chosen so that the fragmentation function will only be nonzero in the physical region, 1 ≤ x < ∞. Following an identical analysis to that for the structure function, we derivê
whereb is the subleading term defined analogously to the previous section and . . . refers to further suppressed functions. With the more conventional definition of the fragmentation function variable, z = 1/x, one obtainŝ
Here z is the fraction of the beam energy carried by the hadron. Equation (2.28) summarizes the predictions of the heavy quark expansion for the fragmentation function at the heavy quark mass scale µ 2 0 . As in the case of the distribution function, the derivation seems to require the existence of all the parametersÂ k ,B k , etc..
However, as before, there is an alternate derivation which deals directly with the (2.23) without ever expanding in local operators. The result is the same, (2.28), without the restriction that the integrals defined in (2.26) exist. All of the remarks made in the previous section concerning the x → 0 or y → −∞ limit apply as well to the fragmentation function in the z → 0 or y → ∞ limit. We shall generally assume that the parametersÂ k ,B k , etc. exist for k up to some k max . To fit the parameters, (2.28) must be evolved to a scale Q 2 > µ 2 0 . We therefore discuss QCD evolution in the next section.
AND COMPARISON WITH EXPERIMENT
III.1 Moment Analysis
We have obtained the general form for the fragmentation function at a low renormalization scale. Because the fragmentation function is measured at Q 2 ≫ m 2 , it is necesary to discuss the QCD evolution between the two scales. This is most conveniently accomplished by evolving the measured moments of the fragmentation function to the scale µ 2 0 at which we have parameterized the function. At this scale, one extracts the mass independent parameters.
In this subsection, we will discuss the application of this procedure to the first few moments of the fragmentation function. In later subsections, we explain why we restrict our analysis to only these lowest moments. We parameterize these moments in terms of mass independent parameters (related to those which entered the functionsâ(y) andb(y)) and
show furthermore how to extract the parameters charactizing the moments at leading and subleading order in Λ/m.
We define the moments of the fragmentation function at a scale Q 2 above the heavy quark scale in the usual way.Γ
Notice we study the moments in z for positive k. These are the conventional moments: they scale simply under QCD evolution and are convergent at all scales Q 2 . Having defined the moments at the scale Q 2 , one must renormalize them from Q 2 to the scale µ at which the matrix elements were parameterized. To apply heavy quark flavor symmetry, this scale should be the same for the b and c quarks.
The first stage of evolution, between Q 2 and m 2 , is standard. The fragmentation function measured in e + e − → H + X at the large scale Q 2 is a linear combination of quark, antiquark and gluon fragmentation functions. The gluon and antiquark fragmentation functions are not zero at the scale Q 2 . However, they evolved from the scale m 2 at which both the antiquark and gluon fragmentation functions were negligible. In particular, because the quark is heavy, the gluon moments at the scale m 2 are suppressed by (Λ/m) 2 relative to the quark contribution.
With these constraints on the antiquark and gluon fragmentation functions it is possible to de-evolve the data from Q 2 using the standard anomalous dimension matrix and obtain the heavy quark fragmentation function at the scale m 2 . Above the heavy quark mass scale, the fact that the quark is heavy is irrelevant to the evolution equations, and enters only in the boundary condition which tells us the gluon moments are small at the scale m 2 . This information about the boundary data, together with the experimental data at the scale Q 2 , is sufficient to solve completely the evolution equations.
The second stage in the procedure is to match from the full theory onto the heavy quark theory. From the definition of the fragmentation function given in (2.23), it is clear that the moments match onto the moments in the heavy quark theory in a straightforward way.
That is, we already know how to match the matrix elements appearing in the function itself onto matrix elements of the heavy quark effective theory characterized by the parameterŝ To summarize, the moments of the heavy quark fragmentation function should be determined experimentally from the data at the scale Q 2 . They should then be de-evolved via QCD evolution down to the scale m 2 , at which point they should be matched to the moments of the functionf (x, m 2 ) parameterized in the heavy quark effective theory through the parametersÂ k andB k , or equivalently, the functionsâ(y) andb(y) which summarize the relations among the moments. The QCD radiative corrections in the full theory are given in Ref. [5] to subleading order. For the leading parameters no further QCD evolution in the heavy quark effective theory is required.
For simplicity, we therefore compare the evolved, experimentally determined moments at µ 2 = m 2 to the moments derived from the function (2.23). It is more convenient to work with the variable x to which we now revert. Then where we have shown explicitly only those functions which begin at order ǫ 0 or order ǫ. Herẽ
Notice that only a finite number ofÃ ℓ ,B ℓ , etc. occur in the expansion of any given moment to a fixed order in ǫ.
Consider now the explicit expressions for the first few moments.
If we work to order ǫ and require the remainders in (3.7) to be bounded, then it is necessary to assume that a(y) vanishes faster than y −3 for large y. Likewise b(y) must vanish faster than y −2 . In order to work to order ǫ 2 , a(y) and b(y) must vanish one power faster for large y. Assuming these asymptotic forms, and that the heavy quark expansion is valid, we can extract the leading parameters of the functionsâ(y) andb(y). In particular, from knowledge of either the b or c quark fragmentation function alone, one can extract the parameters
. . ≈ ǫÃ 1 , and ǫ 2Ã 2 , working only to order ǫ 2 .
With knowledge of both the c and b quark fragmentation functions, one can independently extractÃ 0 , ǫB 1 , ǫÃ 1 , ǫ 2B 2 , and ǫ 2Ã 2 . Of course if we work only at order ǫ, there is an equal spacing rule which serves as a consistency check on the moments:
We can now also see the main problem with extracting information from higher moments.
In order to extract a parameter at any specified order in the heavy quark mass expansion, we need to assume that higher order terms can be neglected. However, the large binomial coefficients multiplying higher order terms in ǫ make this impossible for the higher moments.
That is, for the kth moment, with k large, the expansion is not in ǫ, but in kǫ, which compromises the application of the expansion beyond the lowest moments. In the next subsection, we discuss the further advantages to be had by restricting attention to only the lowest moments. After that (in III.4), we return to the question of whether information can be extracted from the higher moments, or equivalently from the functionf (x, m 2 ) itself.
III.2 Subleading QCD Evolution
We have discussed leading logarithmic QCD evolution. However, it is well known that the usual QCD evolution program has difficulties with heavy quark fragmentation functions.
In this section, we explain why these problems are less severe for our program than for a fully perturbative study of heavy quark fragmentation functions and may be ignored entirely if we restrict our analysis to the lowest moments. m 2 is perturbative, as both scales are much higher than the QCD scale. However, near x = 1, the QCD coupling α s is multiplied by logarithms of the form log(1 − x), etc. In this region, effects which are formally subleading are nevertheless large. In fact, it has been shown that the summation of these Sudakov logarithms can be summarized by evaluating α s at the
8 These effects are important when (1 − x)Q 2 < < Q 2 and furthermore the analysis suggests that other, truly non-perturbative effects cannot be neglected for x such
Now consider the form of the function renormalized at m 2 given by (2.28). It vanishes at x = 1 and is peaked at x − 1 ∼ ǫ. Sudakov effects are worst at the lowest Q 2 , in this
, non-perturbative effects beyond the resummation of Sudakov logarithms are important for 1 − x < ǫ 2 . The distinction between ǫ and ǫ 2 is crucial. Sincef is likely to be a rapidly falling function in the region close to x = 1, and since the scale for variation inf is ǫ, the function should be very small in the region where Sudakov logarithms are important. In particular, the first few moments are very likely dominated by x in the regime where even Sudakov logarithms are not large, so a leading logarithmic analysis should be valid. However, we do not know how fastf falls as x → 1. This non-perturbative information determines which moments are trustworthy. Since constraints on the heavy quark expansion most likely restricts us more severely to low moments than do considerations of Sudakov effects, we expect that Sudakov logs can be neglected altogether.
This is in contrast to previous works 4,5 which attempted a fully perturbative analysis of the fragmentation function over the whole range of x. They have been led to a form of the fragmentation function which is singular at x = 1 and have necessarily had to deal with evolution in a regime in which non-perturbative effects are important. From this perspective, our approach has been to summarize the nonperturbative information in a few parameters.
With sufficiently rough averaging (by looking only at low moments) we can then do a simpler QCD analysis.
We see now the essential advantage gained by restricting attention only to the lowest moments, independent of the breakdown of the ǫ expansion. Our objective is to cleanly distinguish perturbative and non-perturbative QCD. For x very close to 1, this distinction is not possible. But this region of x should not contribute significantly to the low moments for the reasons outlined above.
Having addressed the issue of Sudakov logarithms, the study of higher order QCD effects should be standard. For example, there is an ambiguity associated with the precise scale at which we match between the full and heavy quark effective theories which can only be resolved through a higher order QCD calculation. Moreover, as a matter of practice, the data on the c quark is obtained at center of mass energy of the Υ(4S) Furthermore, it might be that in this case the logarithm is not sufficiently large for a leading log analysis to be adequate. Certainly, a subleading calculation would be required to extract a parameter at the precision of ǫ 2 .
III.4 Direct Analysis off
Having analysed the limitations on the moment analysis, we return briefly to the possibility of extracting information from looking directly at the functionf (x, m 2 ). As long as we restrict (1 − x) > > ǫ 2 Sudakov effects are not likely to be important. Looking at (3.7) we see that the moment analysis breaks down when kǫ > 1. However, the terms which become large in this limit can be resummed yielding the original functional form, (2.28), in which successive terms are suppressed by powers of ǫ when the argument, y = (
fixed. So it is appropriate to analyzef (x, m 2 ) directly.
First, suppose the functionf (x, m 2 ) can be extracted from experiment and QCD deevolution. The predictive power of (2.28) lies in the orderly expansion in ǫ implied forf (x, m 2 )
whereâ(y),b(y), etc. are all independent of ǫ. In principle,f can be measured for both cand b-quarks,â(y),b(y) and ǫ can all be extracted and the heavy quark expansion can be tested. To leading order in ǫ, (2.28) requires that there is a choice ofΛ (which in principle could have been extracted elsewhere 10 ) such that
Having fixed ǫ c and ǫ b ,â(y) can be extracted from
A cautionary note is appropriate: After de-evolutionf (x, m 2 ) would likely be available only with some finite resolution (smearing) considerably greater than the original experimental resolution at Q 2 . If the resolution were as large as the intrinsic width off (x, m 2 ), which is of order ǫ, then it is easy to see that this method loses its usefulness and the moment method outlined previously gives as much information as can be extracted from the data.
III.3 Discussion
There are several points we have neglected in the previous analysis which we now clarify. First, we have made assumptions about the behavior of the heavy quark and antiquark distributions at the heavy quark mass scale. In particular, we assumedf (x, m 2 ) vanishes rapidly as x → ∞ and we have ignoredf (x, m 2 ). These assumptions are only sensible if they are stable under perturbative QCD evolution in the heavy quark theory. They would clearly not be consistent above the heavy quark scale, at which point conventional evolution generates a tail inf which reaches to z = 0, a gluon distribution at order α s ln(Q 2 /m 2 ), and a heavy antiquark distributionf at order α 2 s ln 2 (Q 2 /m 2 ). Thus it would not be reasonable to implement such assumptions in the domain of perturbative evolution. However, we are placing these restrictions on the boundary data at and below the heavy quark mass scale, m 2 .
As we have already discussed, the structure function does not evolve at scales below m 2 at leading or subleading order in the heavy quark mass expansion. At this level of accuracy, our assumptions are therefore stable with respect to with perturbative QCD evolution.
We have also neglected gluon and antiquark contributions to the moments at the scale m 2 . Because a gauge invariant gluon operator matrix element is suppressed by at least ǫ 2 and receives no enhancement by a binomial coefficient relative to the leading and subleading terms, it can only contribute to the function c(y) and other suppressed functions. At the level in the heavy quark expansion at which we are working, we can neglect the gluon moments at the scale m 2 . However, as we have discussed, gluon moments are generated through perturbative QCD evolution so they do not vanish at the scale Q 2 . Similarly, antiquark moments are only generated through QCD evolution.
The next point to clarify is that throughout our analysis, we have assumed fragmentation into a specific final state, namely the pseudoscalar meson. However, experiments at very high center of mass energy will not distinguish the pseudoscalar and vector B mesons. Furthermore, the final state could be a B s meson or a baryon containing a b quark. However, the fragmentation function into D * is what is best measured at CESR.
If we are to apply our methods to compare the fragmentation function at LEP and CESR, we would not expect to obtain results which are accurate to better than order 20%. This is because heavy quark symmetry only guarantees the identity of the matrix elements between the pseudoscalar or the vector states at zeroeth order in 1/m. This means that the parameter ǫB 1 is not identical for the pseudoscalar and vector mesons. However, counting spins shows that the vector states are produced three times as often as the pseudoscalar. So even if the time ordered product of the spin splitting operator and the zeroth order matrix element accounted for 50% of the contribution to ǫB 1 , the relations between the B system and the D system (namely the vector states) should be accurate at the 15 to 20 % level, which is the inaccuracy represented by higher order terms in the heavy quark expansion.
(The mass splitting between the pseudoscalar and meson masses is higher order, and can be safely neglected.)
B s production should also not be a problem at this order of accuracy. The B s is only produced about 12 % of the time, and chiral symmetry should guarantee that the matrix elements are equal to those of the B d at the 20% level.
Finally, baryons will probably be produced about 10% of the time. This can be a problem since the parameters of the baryons are independent of those of the mesons. The danger is that an inaccurate determination ofÃ 0 would lead to a large error in extracting ǫÃ 1 and ǫB 1 .
However, there is only a single new parameter at the level of accuracy of our calculation, namely the fraction of baryons, p (since pǫ is already only a few percent.). If a guess of p at about 10% is accurate at the few percent level, one should still be able to extract the same parameters as before. If p is left a completely free parameter, ǫB 1 can still be extracted. And of course if the baryons can be excluded from the sample, everything would proceed as in the text. In fact, the same analysis would apply to baryons as to mesons. Furthermore, if it is possible to study D mesons without restricting oneself to D * 's, but instead sums inclusively over all states, the relative fraction of mesons and baryons should be independent of heavy quark mass at leading order in the heavy quark mass expansion, so that the parameter p need not be extracted. The analysis we gave would apply, but with each parameter in the moment expansion interpreted as a sum of a meson and baryon contribution.
It should be kept in mind that the consistency tests among the moments of any particular flavor quark should hold even with different final state particles, since they only required the existence of a heavy quark expansion, which is true for each final states individually. It is only when comparing between different heavy quark systems with different fractions of the various final states that complications arise, unless one can identify the contributions from the particular final states.
Notice also that we have expanded in ǫ, which scales inversely to the meson mass so the expansion is not strictly in heavy quark mass. It is straightforward to convert our results to an expansion in heavy quark mass.
Of course, there are potential experimental difficulties which we expect could make an analysis beyond the level of ǫ impracticable. In particular, finite experimental resolution 
IV. CALCULABLE HIGHER-TWIST CORRECTIONS
We now turn to the subject of higher-twist corrections to e + e − → H(P ) + X. In general, the study of higher-twist effects is theoretically complicated and experimentally difficult. In this case, however, the heavy quark mass sets the scale for higher-twist effects which are potentially the most important because they are of order m 2 /Q 2 which in certain experiments can be large (e.g. m b ∼ = 5 GeV, Q ∼ = 15 GeV gives m 2 /Q 2 > ∼ 10%). Fortunately they can be related to the leading twist fragmentation function. Because the subject is technically complicated, we first summarize our results for the reader who does not wish to see the derivations. We next give a simple, non-technical derivation of the primary results. Finally we summarize the results of a complete, operator-product expansion through twist-four O(1/Q 2 ) distribution functions which will be published elsewhere.
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First, our conclusions: At leading order in α s , we show that there are no power corrections to e + e − → H(P ) + X which scale by the heavy quark mass alone, that is, no corrections of the form m 2 /Q 2 k for k ≥ 1 to either the transverse or longitudinal fragmentation functions defined byŴ
where ν ≡ P · q.
[The "fragmentation function" discussed in Section II is the scaling limit of
The functionŵ L (q 2 , v) vanishes at leading twist on account of a Callan-Gross-like
relation.] At higher order in α s (Q 2 ), there are radiative corrections which yield twist-four corrections of the form
the heavy quark scale it is possible to calculate the magnitude of these corrections exactly in terms of the leading twist heavy quark fragmentation function described in Section II.
There are also corrections of order mΛ/Q 2 which can also be related to the leading twist fragmentation function and are calculable if Λ is known.
We conclude that the process e + e − → H(P ) + X will probably not have large higher twist corrections, even at relatively low center of mass energy. At heavy meson threshold, Our results follow from simple considerations of the structure of heavy quark mass corrections to e + e − → H(P )X. The analysis is conceptually simpler for the deep inelastic scattering process eH(p) → eX where one can use the language of the operator product expansion. We will present our argument for deep inelastic scattering but it should hold equally well for e + e − → H(P )X.
We first show that there are no corrections of the form (m 2 /Q 2 ) k . We work to lowest order in α s . Since we are interested in effects of order m 2 /Q 2 k , we may also set Λ = 0.
Thus, we may ignore QCD entirely and calculate eH(P ) → eX from a free, on-shell heavy quark h as shown in Fig. 1 . This calculation, though trivial, gives us the information we require. This is true only because the relevant matrix elements are equal to their free field values up to non-perturbative corrections suppressed by ǫ. So at order ǫ 0 and α 0 s , a free field theory analysis suffices.
which is manifestly independent of the quark mass. Notice that because we have done this calculation in free field theory, the structure function itself is trivial: f 1 (x) = 1 2 δ(x − 1) in the limit α s , Λ → 0. This is the structure function of a free quark, the inverse Mellin transform of the matrix elements of the only twist-two operators which persist in this extreme limit:
all of which have identical coefficients (A k = 2) in the operator product expansion. The matrix elements of the O n will, in reality, deviate from the free field limit by corrections of order Λ/m -already described in Section II -but these modifications will not alter the relations among coefficient functions which result in the cancellation of all O m 2 /Q 2 k terms from (4.4).
To understand this result more deeply and to see why the corrections of order
and Λm/Q 2 are calculable, it is necessary to consider the process from the viewpoint of the operator product expansion. There are many sources of Q 2 suppressed corrections. The situation is made more tractable by working at tree level, postponing the study of the effects of evolution and operator mixing which will of course generate corrections of order α s to this result. At tree level and through order 1/Q 2 there has been a complete analysis of electroproduction with massless quarks. 11 The twist-four operators which appear A careful study of the operator product expansion at tree level through twist-four shows these are the only corrections through order m 2 .
The result of the operator product expansion calculation for the distribution function is most conveniently expressed as moments of the transverse and longitudinal structure functions, F T and F L , defined by
Then our results are
where k = 2, 4, 6, . . . and Γ k (m 2 ) and Λ k (m 2 ) are the matrix elements of twist-two and twistthree heavy quark operators, respectively (at the renormalization scale m 2 ):
The first term in (4.7) is the standard twist-two result. The other terms in (4.7) and (4.8) 
In general, the {Γ k } and {Λ k } can be related by the QCD equations of motion:
for k > 1, and
In general (e.g. for light quarks) the third operator in (4.11) obstructs any attempt to relate Γ k to Λ k . However, at the heavy quark scale it is easy to see that the matrix element of the third operator is of order Λ 2 /m. Define scales like mass, so we conclude
to leading order in the heavy quark mass expansion. With this result in hand, we take the matrix element of (4.11) in a heavy meson state and find
where we have restored the renormalization scale (m 2 ) as a label on the operator matrix elements to remind ourselves that (4.14) holds at the heavy quark scale. Substituting (4.14)
into (4.7) and (4.8) we obtain the dominant twist-four corrections to the longitudinal and transverse moments at the heavy quark scale, m 2 :
Equations (4.18) and (4.19) summarize our assertion that the leading higher-twist corrections to the scaling of distribution functions is of order ΛM/Q 2 , and is calculable in terms of the parameter ǫÃ 1 , which can, in principle, be extracted from the leading twist heavy quark distribution function. From the operator-product-expansion point-of-view, the cancellation of terms of order m 2 /Q 2 among their several sources seems fortuitous. The simple graphical argument given at the beginning of this section gives a firm physical basis for the cancellation.
It also assures us that the same result holds for fragmentation functions for which operator product expansion methods are less straightforward.
Finally, it is necessary to comment on the effect of QCD radiative corrections on these results. We focus on the moments, M 
V. CONCLUSION
There are only very few places where one can hope to extract mass suppressed contributions to matrix elements. The existence of these additional parameters should be very important from the point of view of testing heavy quark symmetry at subleading order. Furthermore, it will be useful to see what the size of mass suppressed corrections really turns out to be in order to test the validity of the heavy quark expansion.
Clearly the ideas of this paper need to be tested by application to existent and future data. Future work would involve incorporating subleading evolution and calculation of the perturbative higher twist effects. The cross section for an h-quark current to produce an H-meson plus anything in the deep-inelastic limit. Only the dominant contribution at large-Q 2 is shown, exclusive of QCD radiative corrections. The cross section is proportional tof (x, Q 2 ).
